INTRODUCTION
Equations of satellite motion could be solved both analytically (Góral and Skorupa, 2012) and numerally (Gaglione et al., 2011) . Runge-Kutta (RK) methods are one of the well-known numerical methods for solving differential equations (Kosti et al., 2009; Ozawa, 1999; Sermutlu, 2004) , while 4 th order Runge-Kutta method is recommended to solve equations of satellite motion by GLONASS Interface Control Document (ICD-GLONASS, 2008) .
Currently there are very few publications referring to comparison of numerical methods to solve GNSS equations of satellite motion. Numerical integration of low Earth orbiting satellites was performed by (Es-hagh, 2005) . The author compared two variable step integration methods: Adams and RungeKuttaFehlberg (RKF) methods. Adams' method is recommended for long arc orbit integration or in low resolutions (large step size) orbit integration. In contrast, RKF method is better to be used for highresolution (small step size) solutions. (Sermutlu, 2004) presented the comparison of accuracy and speed tests of RungeKutta 4 th and 5 th order for solving Lorenz equation. He noticed that 4 th order method gives more accurate results for shorter running times, but as step sizes decline, 5 th order method gives more accurate results. (Khodabin and Rostami, 2015) obtained the same results. The authors analysed different orders of Runge-Kutta methods for applications in electric circuits. They confirmed superiority of higher order RK methods over other methods. (Montenbruck, 1992) compared multistep, interpolation and Runge-Kutta methods for the numerical integration of ordinary differential equations of orbital motion. The author showed that both single-step and multi-step methods are competitive. Equations of satellite motion were also solved by many different approaches, e.g. RungeKuttaFehlberg method (Atanassov, 2010) , analytically (Kudryavtsev, 1995) , by MATLAB ODE45 function (Bradley et al., 2014) or by new types of Runge Kutta methods (Gonzalez et al., 1999) .
Runge-Kutta 4 th order method to solve equations of satellite motion was presented by (ICD-GLONASS, 2008) , but without any data concerns accuracy. It is clear that the error in orbit integration strongly depends on a step size. GLONASS satellite integration results have no explicit differences between solutions from 1 to 300 s integration step size. The author suggested that 60 s GLONASS integration step width is sufficient in any case, because for small angular distances the satellite orbit could be considered as nearly linear.
KEPLERIAN MOTION
Simplified satellite orbiting is called Keplerian motion (Zare, 1982) . In Earth-artificial satellite, setting the mass of a satellite can be considered negligible and does not enter the motion equations system (Breiter and Elipe, 2006) . This is due to its size and mass that are negligibly small relatively to the mass of the Earth. The satellites motion is governed by the Newton's second law hence, according to the formula:
where: µ = GMthe product of Newton's gravitational constant and mass of the Earth, r -distance between the Earth and satellite centres.
Equation 1 relates to a motion in an inertial system. Two vectors or 6 scalars are the solutions of this second order differential equation (Keplerian elements). They are the results of double integration of (1). In case of the Earth's artificial satellite, perturbing forces affecting its position should also be taken into account (Bobojć and Drożyner, 2011) :
where:
Gravitational forces due to the Earth as well as the strength of perturbing forces determine satellites motion. Table 1 shows the magnitude of perturbing forces and their effect on a GNSS satellite. The main perturbing force affecting a satellite is the Earth's oblateness that characterizes polar flattening of the Earth. The effect of accelerations due to the luni-solar gravitational perturbations is an order of magnitude smaller than the second zonal harmonic. We can consider other forces as negligible. It may be assumed that perturbing forces acting on a GPS satellite affect will be different that on a GLONASS satellites due to two reasons. Firstly, GLONASS satellite orbit the Earth much lower, that is mean they are much sensitive to gravitational perturbations. Secondly, GLONASS satellites have larger area-to-mass ratios than GPS satellites, which implies that the impact of solar radiation pressure is larger for GLONASS.
RUNGE-KUTTA METHODS
Numerical integration methods can be divided into single and multi-step methods. In case of multi-step methods, to calculate the predicted value of the function, we must know values of the function at some previous time points (e.g. t n-1 , t n-2 ). The best known multi-step methods used to solve equations of satellite motion are Cowell and Encke methods (Liu and Liao, 1994) . Whereas single-step methods based on a single initial point of time, allow us to calculate predicted values of the function. The best-known singlestep methods for solving satellite equations of motion are Runge-Kutta 4 th and higher order methods.
The equation of satellite's motion is a second order differential equation. Therefore, it has to be converted to the system of first order differential equations to be solved by RK methods as following:
Runge-Kutta method allows calculation of the approximate value of the function y(x n ) for a = x 0 < x 1 < … < x n = b, as in the formula:
and
Expanding (2) into first order differential equations still makes it impossible to solve them analytically in a fast and simple way. GLONASS Interface Control Document (ICD-GLONASS, 2008) recommends the use of Runge-Kutta 4 th order method for this purpose, as it ensures adequate accuracy altogether with the simplicity of the solution. Equation (7) is an extension of (2) into a form of scalar functions. It takes into account perturbing forces due to the flattening of the Earth (second zonal harmonic) and influence of the Sun and Moon (Poutanen et al., 1996) : where:
x, y, z -satellite coordinates, 
Second zonal harmonic is known from parameters of current PZ-90 (Параметры Земли 1990 года, Parameters of the Earth 1990) realization. In calculations, it is adopted as the known parameter. Lunisolar accelerations are varying in time, thus they are transmitted in GLONASS navigational (broadcast) message in 15 min intervals, and they are assumed constant within ±15 min from the initial position.
GLONASS NAVIGATION MESSAGE
GLONASS navigation message contains information regarding satellites' position parameters for a single observation epoch. Those data are recorded in RINEX format *.yyG (Gurtner and Estey, 2007) with 30-minutes interval as vector components of satellite position, velocity and acceleration (Table 2) . Table 2 : GLONASS data record description (Gurtner and Estey, 2007) . Contrary to GPS, GLONASS message contains information about satellites' positions in ECEF coordinate system (Gaglione et al., 2011) . Those data for a single satellite are stored in four 80-byte lines (Figure 1 ). GLONASS ephemeris message contains information about satellites' position in current PZ-90 realization (Boucher and Altamimi, 2001 ). PZ-90.02 realization was obligatory since 2007 (Montenbruck et al., 2015) , currently PZ-90.11 is in use (IGSMAIL-6896).
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GENERAL COMPARISON
In this paper, a group of Runge-Kutta methods were analysed in resolving equations of satellite motion for GLONASS satellite. Parameters of GLONASS space segment are presented in Table 3 . This paper discusses four variants of Runge-Kutta method: best-known 4 th order method (RK4), 5 th order method (RK5) and Runge-Kutta-Fehlberg 4 th (RKF4) and 5 th (RKF5) order methods. Table 4 shows formulas of analysed RK methods.
The determination error of satellite position depends on Runge-Kutta method order and adopted for calculations integration step. In principle, position determination is more accurate for smaller integration steps. Smaller integration step (h) carries a serious increase of intermediate positions thus, it increases computation time. Each step h, depending on the adopted formula requires calculation of four, five or six intermediate values of the function analysed in this paper (Table 4) . Therefore, the best solution appears to be a method, which provides required accuracy of a satellite position solution combined with the highest execution speed. It is especially important in case of real-time solutions. (Rentrop et al. 1989; Sermutlu, 2004) . n n n n n n n n n n n n k hf t y 
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RESULTS
This paper shows research of GLONASS' satellite position determination by RK methods according to the integration step size and its effect on the accuracy and speed of solution. (Figure 1 ). Accuracy analysis was performed based on ORBGEN results, which is a part of Bernese GPS Software 5.0 (Dach et al., 2007) . Comparison of numerical solutions of (2) was carried out based on the author's own scripts implemented in Matlab R2010b®. They were run on Lenovo L420 computer equipped with Windows 7 Professional, with the Intel Core i5-2410M 2.30 GHz, 4.00 GB RAM.
Based on known initial function values of position, velocity and acceleration it is possible to determine satellite's position for any moment within the range ±15 min (900 s). This time span comes from the fact that the GLONASS ephemeris is updated every 30 minutes. If ephemeris data are used in the range exceeding ±15min difference between calculated and actual position expected is grow rapidly every ±15 min (Figure 2 ). Figure 4 shows more detailed data presented on Figure 3 . "Known" coordinate and speed components are at t = 0 s. At t = 900 s follows update of satellite ephemeris data and then should be used next "known" position coordinate (t = 1800 s for this figure) and solved backward. Therefore, the increase of XYZ components error magnitude due to the updated ephemeris parameters is clearly visible. Table 5 presents a comparison of average speed of satellite position determination. These values are means of 100 000 consecutive solutions of Runge-Kutta methods. It depends on the adopted integration step size h. Increased integration step size decreases time of position determination. For each integration step the most efficient is Runge-Kutta 4 th order method (RK4), due to the least complexity. The other three methods depending on the step length are between 2 to 6 times slower than RK4 method. Despite of the most complex equations RKF5 method is the second fastest after the RK4 method among analysed. RKM is the slowest method for each step size. Speed of calculation in this method is comparable to other only for 1 and 3 s integration step sizes. With the increase of integration step length a distinct advantage of higher order RungeKutta methods may be observed. It is clearly visible for integration steps h = 300 s and h = 900 s. RKF method projects satellite's trajectory with 0.60 cm accuracy for a single, 900 s step. If you need to determine denser number between consecutive positions/coordinates (e.g. coordinates are available every 60 s, but you want to have coordinates every 1 s) all you have to do is decrease step-size to needed. Therefore, simplicity is the main advantage of using this method against GPS, where navigation message data contain Keplerian elements, which must have analytical solution. Moreover, GLONASS navigation message contains Cartesian coordinates and velocities in current PZ-90 realization every 30 min, so it is much affordable data than Keplerian elements in GPS navigation message available every 2 hours.
CONCLUSIONS
The accuracy of GLONASS satellite's position calculated numerically depends mostly on integration step size. The influence of applied RK method type and order is smaller. Short integration step allows a relatively high precision, but it involves extension of solution time. Error of calculated position from initial parameter (epoch) increases together with "distance" from known coordinates. This study confirmed that higher order RK methods are more accurate. This fact is more evident especially in large-size integration steps of RK computations. The previous studies showed that the 5 th order method or modified RKF methods are more accurate than the RK4 recommended by the GLONASS-ICD. On the other hand, due to the simplicity of equations RK4 order method is the fastest of the all analysed methods. However, an argument of economical saving time was more important in the 90s, when PCs' computing power was less efficient smaller than today. Currently due the highest accuracy of analysed methods, the most suitable for calculation of GLONASS satellite position is RungeKuttaFehlberg 5 th order method.
